Introduction 7
There are numerous examples of researchers using relatively simple dynamic models to 8 investigate the way in which human beings walk (Baker et al., 2004; Buczek et al., 2006; Kuo, 9 2007; McGrath et al., 2015b; Millard et al., 2011) . Some have further expanded to models of 10 'moderate' complexity (Martin and Schmiedeler, 2014; McGrath et al., 2015a; Pandy and 11 Berme, 1988a, b) . Often these latter models consist of a number of rigid links connected by 12 frictionless hinge joints, forming a chain. These represent the segments and joints of a 13 person's limbs. In order for these models to provide forward dynamic simulations of a 14 person's movement, their equations of motion (EOM) must be derived. 15
16
General formulae for the EOM of n-link chains have been previously developed for use in gait 17 modelling, using a Newtonian approach (Pandy and Berme, 1988a) . A great advantage of 18 these general formulae is the time saved in developing the EOM for models with a large 19 number of degrees-of-freedom (DOFs), where a manual approach is very time consuming. 20 This paper describes a similar approach but using Lagrangian mechanics to develop the 21 formulae instead, which are independent of the chosen coordinate frame. Also, because they 22 use energy calculations, rather than forces, prior knowledge of the ground reaction force 23 (GRF) is not required. 24
25
Once these equations are developed, walking simulations can be performed using the same 26 methods as the complex models, such as using optimisation to estimate internal kinetics and 27 joint activations (Anderson and Pandy, 2003) . This study gives an example of such a 28 simulation. 29 30 Method 31
Open-loop chains 32
The Lagrange equation to derive EOM for an open-loop chain is given (Onyshko and Winter, 33 1980 Where is the Lagrangian function -the difference between the kinetic and potential energy 39 -and is a generalised coordinate for the i th link of the chain. 40 41 Equation 1 shows the Lagrange equation equal to zero. This is valid when there are no external 42 forces or moments acting on the system. For the derivations outlined here, moments will be 43 acting at the joints between links so the Lagrange equation is adapted. 94 95
The kinetic energy, , and the potential energy, , of the system are calculated. 96 
Lagrange mechanics is that constraints can be applied relatively simply using 'Lagrange 141 multipliers'. 142
143
In order to apply a constraint, the j th constraint function ( ) is defined such that: During double support, although the total GRF can be calculated, there is an infinite number 203 of ways this can be distributed between the two feet. Ren et al. (Ren et al., 2007) , solved this 204 problem by making a smooth transition assumption. The Lagrange multipliers method used 205 here offers an alternative approach because the multipliers can be used to calculate the force 206 required to maintain a given constraint. In the case of this study, the forces required to hold 207 the trailing foot fixed to the ground can be used to calculate the GRF under that foot. By using 208 inverse dynamics, in the same way as before, to calculate the total GRF, a simple subtraction 209 can be used to obtain the GRF under the leading foot. 210
211
Since the constraint forces are acting upon the trailing foot and it is stationary, it can be 212 assumed that the GRF components beneath it are equal to these constraint forces. The forces 213 the constraints produce can be expressed: anthropometric data were used and segment masses were estimated using Winter's formulae 239 (1979, 1991) . 240
The simulation was split into two: a single support (open chain) and a double support (closed 241 chain). For both double and single support simulations, a global optimisation was performed 242 using the MATLAB function 'GlobalSearch' (Ugray et al., 2007) . The input parameters were 243 the initial kinematic state (segment angular positions and velocities) and the joint moments 244 over the whole simulation. The initial kinematic state was known from the gait lab 245 measurements but since the temporal profiles of the joint moments were unknown, the initial 246 estimate was taken from Winter's data (1979, 1991) . The cost function was the root mean 247 square difference of the predicted kinematics, to those measured in the gait lab. 248
Consequently, the optimiser was designed to 'track' the motion. these formulae has been shown to be independent of coordinate frames and requires less 256 prior kinetic knowledge than alternative approaches, such as Newton-Euler mechanics. In 257 terms of walking, this means that the GRF does not need to be known or estimated in order 258 to perform forward dynamics calculations. 259 260 However, joint moments do need to be estimated. This can be executed using an optimisation 261 procedure, a similar method to how Anderson and Pandy (2003) 
estimated muscle activations 262
in a more complex model with a higher number of degrees-of-freedom. The advantage of the 263 model described here is that a solution can be achieved within a matter of hours, rather than 264 days, which is particularly important when a forward dynamics simulation is used within an 265 iterative optimisation procedure. Additionally, with simpler models, it can be easier to identify cause-and-effect relationships, to gain a better understanding of the relationships 267 between form and function in gait biomechanics. With more complex models, this process 268 becomes much more challenging because the internal model calculations are less amenable 269 to inspection. 270 271 Another advantage of Lagrangian mechanics is that Lagrange multipliers can be incorporated 272 into the calculations to apply constraints. This enables the modelling of a closed-loop chain, 273 which, in terms of walking, equates to the double support phase. Additionally, it has been 274 shown that these multipliers can be used to estimate the distribution of the GRF when both 275 feet are contacting the floor; something that was previously an indeterminate problem. 
